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1. Introduction

The AdS/CFT correspondence [l] has been explored beyond the supergravity approxi-
mation. Inspired from the solvability of the string theory in the pp-wave background of
AdSs x S5 [[], it has been proposed that the energies of specific free massive string ex-
cited states can be matched with the perturbative scaling dimensions of gauge invariant
near-BPS operators with large R-charge in the BMN limit for the NV = 4 SU(N) super
Yang-Mills (SYM) theory [B]. The BMN result has been reproduced by the semiclassical
quantization of nearly point-like string with large angular momentum along a central circle
in $° [f

The energies of various semiclassical extended string configurations with several large
angular momenta in AdSs x S° have been shown in [f|-f] to match with the anomalous
dimensions of the corresponding long SYM non-BPS operators, which can be computed by
using the Bethe ansatz [[J] for diagonalization of the dilatation operator [[0-[2], that is
represented by a Hamiltonian of an integrable spin chain.

From the view point of integrability the gauge/string duality has been further con-
firmed by verifying the equivalence between the classical string Bethe equation for the
classical AdSs x S° string sigma model and the Bethe equation for the spin chain [IJ, [(4].
Combining the classical string Bethe ansatz and the all-loop gauge theory asymptotic Bethe
ansatz [[[§], it has been shown that a novel Bethe ansaz, namely, the quantum string Bethe
ansatz for the SU(2) sector has been constructed [Lf] such that it generates the classical
spinning strings, the A/4 strong coupling asymptotics and the 1 /J energy corrections of
arbitrary M-impurity BMN states whose special M = 2,3 cases agree with the results of
direct light-cone gauge quantization of the interacting string theory in the near plane-wave
background [[I7]. The gauge theory asymptotic Bethe ansatz for the SU(2) sector has been
shown to arise as an approximation to the Hubbard model [[[§]. The quantum string Bethe
ansatz has been generalized by constructing the S matrices to the other sectors such as



SL(2), SU(1]1) [[9] and the full PSU(2,2|4) [BQ]. For the SU(1|1) sector the dilatation
operator at one-loop has been shown to coincide with the Hamiltonian of the free lattice
fermion [21]. The S matrices leading to the asymptotic Bethe equations have been inves-
tigated for the SU(1|2) and SU(2|2) sectors [RF and the two-loop dilatation operator for
the SU(1,1|2) sector has been constructed [pJ].

On the other hand there have been various studies of comparing the quantum world-
sheet corrections to spinning string solutions in AdSs x S° with the finite size corrections
to the Bethe equations [4, g

The gauge/string duality has been also presented at the level of equations of motion [R¢
and at the level of effective action [R7] where an interpolating spin chain sigma model action
constructed by taking the continuum limit of the spin chain in the coherent basis for the
SU(2) sector is also reproduced by taking some fast-string limit of the string action. The
latter approach has been extended to the whole SO(6) and its compact subgroups [2§-
B30) and non-compact SL(2) [B{, BI]. Based on the spin chain sigma model for the SU(2)
sector the 1/J and 1/J? energy corrections to the plane-wave state and the circular and
folded string states have been computed [BJ]. The supersymmetric extensions have been
performed for SU(1|3) BY], SU(1,1|1) B4, SU(1,1|2) BY and SU(2(3) B3, Bq. In BI-
@] the first-string limit has been taken for certain subsectors of the covariant x-symmetric
superstring action in AdSsxS® [B7] constructed as a 2d sigma model on the coset superspace
PSU(2,2]4)/[SO(1,4) x SO(5)], while in [BF] it has been taken for a subsector of the light-
cone k-symmetry gauge fixed superstring action [Bg| expressed in terms of the light-cone
supercoset coordinates in the SU(3) x U(1) invariant form.

From the superstring sigma model action in AdSs x S® expressed in terms of the Z4-
graded current of the PSU(2,2[4)/[SO(1,4) x SO(5)] supercoset [B9, the truncations to the
SU(1]1) sector have been performed by choosing a phase-space uniform gauge t = 7,py =
J [EQ] where Pg is the canonical momentum conjugate to the angle variable ¢ for a central
circle in S° and a uniform light-cone gauge [[H], where the BMN spectrum for fermions
is presented and the 1/J correction to the M-impurity plane-wave state agrees with the
result of [IJ. For the former gauge choice the two complex fermions are arranged into a
single world-sheet Dirac fermion so that the reduced action shows a non-trivial 2d Lorentz-
invariant interacting theory of massive Dirac fermion, while for the latter gauge choice the
reduced theory becomes free and the femionic fluctuation spectra over both a point-like
string with no winding numbers and an extended string wound around the ¢ direction are
computed. For the former truncation to the SU(1]1) sector the exact S-matrix has been
computed to give the Bethe ansatz solution [13].

In ref. [Bf] the SU(1]|1) sector has been extracted from the SU(3) x U(1) invariant
superstring action, where the fermionic action for the quadratic fermionic fluctuation over
the point-like bosonic string background with a large angular momentum becomes a non-
relativistic expansion form of an action for a massive 2d relativistic fermion. In order to
see the effect of the bosonic background on the fermionic fluctuation we will consider the
SU(1]2) sector. We will study the fermionic fluctuation around the non-point-like circular
string background specified by two angular momenta and two winding numbers in S°, and
take the large limit of the total angular momentum. The fermionic action simplified by



taking the first-string limit will be expressed in an explicitly 2d relativistic manner by
a massive world-sheet Dirac fermion and shown to have the plane-wave spectrum. The
fermionic spectrum for the SU(2|2) sector will be discussed.

2. SU(3) x U(1) invariant superstring action

We consider the superstring in AdSs x S° space-time with metric ds?> = e??dz%dz® +
dpdp + dXMdxM, XMXM =1 (a =0,...,3;M = 1,...,6). In terms of the light-
cone coordinates on the PSU(2,2|4)/[SO(1,4) x SO(5)] supercoset the full Lagrangian £ =
Lyin + Lwz in the fermionic light-cone xk-symmetry gauge is constructed as [BY]

1
Liin = —5/99" 2e*? (9T O™ + 0,20,T) + 9,¢00,¢ + 9, XM 9, X M]

—%ﬁg“”62¢3ux+ 040,04 + 040,60 + 1 0yna + nadn?]
i G 0t XN, XMy pMNA P
+%¢§g“”e4¢3uw+3uw+ [(n*n4)? + (XN nap™™ 4 n")?,
Lwz = e“”62¢8ﬂx+XM(nAp%B(9yaB + UAPMABa,,HB)
+iv2e €0t XM (0, 2nap™ P — O,an pXpn"), (2.1)

where g, (u = 0,1) is a world-sheet metric with signature (—,+) and g = —det g,,,. The
Poincare coordinates of AdSs are chosen by
at = L(9103 + 20) x = L(ﬂvl + iz?) z= L(gvl —iz?) (2.2)
V2 ’ V2 ’ V2
and the radial direction ¢, while S° is parametrized by a unit 6-vector XM so that the
constraint XM XM =1 should be imposed with a Lagrange multiplier A. This Lagrangian
has manifest SU(4) symmetry where the 4 + 4 complex fermionic fields 64,174 with A =
1,2,3,4 transform in the fundamental representation of SU(4) and 64 = HL, nt = nL. The
4 x 4 matrices pM are “off-diagonal” blocks of the SO(6) gamma-matrices in the chiral
[M xN]
P
terms which are associated with special symmetries of the AdSs x S° background. The
MNA B

is interpreted as the coupling to the R-R 5-form background. The fermionic fields 64 are

representation and pMVN = —p There exist only quadratic and quartic fermionic

(n4n4)? term reflects the curvature of the background, and the (X™nap 2 term
related to the linearly realized supersymmetry of the super conformal algebra PSU(2,2/4),
and the 14 fields are associated with the non-linearly realized superconformal symmetry.
In ref. [Bf] the bosonic AdS; Poincare coordinates are replaced by the global AdSj;
ones and in order to choose the conformal gauge for the 2d metric the following ansatz
corresponding to the global AdSs time t = k7 + - - - where dots indicate possible fermionic
terms, is taken for the bosonic AdSs fields
® 4 tankT _ tan kK7
e? =coskt, T = , T =-— + f(r,o0), x=

V2 V2

K

=0.  (23)



The ¢ equation of motion restricts on the allowed fermionic configuration to determine
0o f, while one of the two conformal constraints determines 0y f.

In the SU(2|3) sector on the SYM side the gauge invariant operators consist of the 3
chiral complex combinations of 6 scalars on which the SO(6) R-symmetry acts and the two
spinor components of the gluino Weyl fermion which are singlets under the Cartan [U(1)]3
subgroup of SO(6). In order to extract the SU(2|3) sector the 3 chiral bosonic fields X; are
introduced by X; = Xo9; 1 +iXo;, ¢ = 1,2,3 and the SU(4) fermions are splitted in 3 + 1
way as na = (n;,m), 04 = (0;,60),i =1,2,3. The two SU(3) singlet fields n = 74,0 = 04 are
related with the two fermions in the SU(2|3) sector.

The fermionic part of the Lagrangian (R.1]) can be expressed in the manifestly SU(3) x
U(1) invariant form through the ansatz (.3) as Lr = Lop + L4 where the quadratic terms
are

Lop = %[Z’I’]zao?]l + 277]8077 + 19180& + 29_809 + Eijknialank — eijkm-(?lHij
+0'00X; — 00X + 010'7X; — 010X’
—i(X 00X — X;00 X )min’ — i X 00 Xi(n'n; — 7m)
—i(e7* X 00 Ximin — €i X7 00 X Fnn’)] (2.4)

and the quartic terms are

2
. , o .
far == <_> (30" main — 4 X" X nn + 4 X0’ Xy’

V2

F2ei6m ) X P X + 267Fn,m; X Xy, (2.5)

where X! = X/ i = nj,@i = 93,77 = n,0 = 0" and there are no gamma-matrices. The
coupling terms including the o-derivative in (R.4) originate in the Wess-Zumino part Ly z
of (R.1), while the coupling terms including the 7-derivative in the form X8y Xnn are due
to the quadratic terms proportional to n4p™ ™4 50 in the kinetic part Ly, of (B1)). The
bosonic part of the Lagrangian (P.J) is also expressed as

1 1
Lp= —§8ﬂXz‘*auXi + §A(Xz‘*Xi —1). (2.6)

3. Fermionic fluctuations over a circular string with two equal spins

Since the starting fermionic Lagrangian L is expressed in the manifestly SU(3) x U(1)
form, the truncations to the SU(2|3) and SU(1|1) sectors are facilitated [B]. There are
two possible consistent truncations A and B with the bosonic fields from AdS3 x S3 and

fermions suitably chosen as
A (Xy, X9;0,03,m1,m2) # 0, (z, X33m,m3,061,02) =0, (3.1)
or, alternatively,

B: (X1, X2;n,m3,01,62) # 0, (x, X3;60,03,1m1,1m2) = 0. (3.2)



This “SU(1|2)” string theory sector is considered to be related with the SU(1|2) gauge
theory sector. Further restricting to S! inside S® we have the following two truncations
that are associated with the SU(1]1) gauge theory sector

A (X1;0,m) # 0, (3.3)
B/ : (X1a77>91) 7é 0’

where the other bosonic and fermionic fields are switched off respectively. Some solitonic
classical solutions for these subsectors were constructed to include the fermionic semi-
classical contribution as the generalization of the bosonic spinning string solutions [Bg].
For the “SU(1|1)” string theory sectors A’ and B’ the non-relativistic actions of BMN-
type massive fermionic fluctuations were constructed from the SU(3) x U(1) invariant La-
grangian (P-4), (2.§) and (P.§) in the point-like bosonic string background by integrating
extra fermions 7, and 6; respectively.

As an extended string background we prepare a circular string solution specified by
the winding number m with large two equal spins 773 = 73 = 7 /2, which is expressed as

X = Leiw’r—ima _ Leiw’r-‘rima (35)

a2 T
with w = 7 [ff]. Its energy is characterized by £2 = k2 = 72 4+ m?. This string background
is determined from the leading order relations of the conformal constraints where there are
no fermionic semiclassical contributions. We consider the fermionic excitation representing
a small perturbation over the circular bosonic string background. This configuration is
mapped to the long SYM operator which is composed of the large and same number of

two comlex scalar fields and only a few fermions. It is convenient to rescale the fermionic

fields as

()=o) (3) == (2)- (3) ==(5) () ==(5) o

with @ = (v/2/k)Y/? in order to absorb the overall factors x/v/2 in Lop and (k/v/2)? in
Lip.

Here we start to consider the case A. Plugging the bosonic background (B.J) into the
quadratic Lagrangian (R:4) with x/v/2 = 1 we have

2
Lop =iy n'Oomi + 0905 + 1000
i=1

. . e
(e—zmanl ezman2)6193
V2

T —iwT

e

+ 73 (e7"™ ' + "7 n*) 0,0 — e\/ﬁ (e™7m1 + e n2) 010
+w(€ ™ mn? + e nan’). (3.7)
The quartic Lagrangian (B.§) becomes
Lap = —4mn'nan’*. (3.8)



In view of the terms including the o-derivative in (B.7) which are associated with the
Wess-Zumino part we introduce a change of fermionic variables

n_ 1 eima _efimo m
= . . 3.9
<n+> V2 (m e ) \m) &

which is an SU(2)-type rotation. We use w = 7 and the inverse relation of (B.9) to

rewrite (B.7) as

Lop = in*Oong + 0000 + €T Tt 010 — e T Ty 010 — Tty
+in~don— + 1020005 — e T Ty 310% + T Tn_0105 + T n_, (3.10)

where T = 771,77_ = 771 and the o-dependent exponential phase factors e*2™7 in the

mixed terms in (B.7) have been eliminated. Under the SU(2)-type rotation (B.9) the kinetic
terms remain the canonical forms. In the expression Lop (B.7) the fermionic field n is
coupled with n?, and 7o with 7', while the transformed one (B.10) is simplified such that
14 is separated from 7_. The quartic expression (B.§) is changed into

Lap = =40 nen . (3.11)

Making the scalings of § and 03 as  — €¢770,05 — e~*7 763 to remove the time-dependent

exponential phase factors in the mixed terms, we have a symmetric expression

Lop = it dony + 10060 + 0010 — 1,010 — T (0 + 1" ny)
+in~On— + 1030003 — (" 010 — n_0163) + T (6305 +n~n_). (3.12)

Let us turn to the case B. The quadratic Lagrangian (R.4) in the bosonic back-
ground (B.§) is written by

2
Lop =i 0'000; + in*doms + in10on
i=1

+ T ,'73(6—im06191 _ eimaaIHZ) _ err ns(eimaalal _ e—im06192)
V2 V2
WwT ) ) e*l'uﬂ' ) )

+ e~imo g 91 + Moy 02 = e™M79,0, + e M99, 0
NG ( 1 16°)7 73 ( 101 102)n

+w(n’nz — i), (3.13)

while the quartic one (B.5) is
Lar = =30 37, (3.14)

The expression (B.13) also suggests the following SU(2)-type rotation

6 1 eima _e—ima 91
= A A 3.15
<9+ ) \/5 (ezma e~ imo ) (92 ) ’ ( )



which corresponds to (B.9). This change of variables leads to an expression with no o-

dependent exponential factors
Lop = i018004 + i7j0n + 170,077 — e TT 910, — Tin
+i0~800_ + i3 0ons + e~ TTP0107 — e T 3010 + TnPns
_|_Zm(e*27—7'7739+ _|_ elTTnseJr + eiTTafr—] _|_ e*iTTein)’ (316)
where 07 = 01, 9~ = 60! and the winding-number dependence appears, which is compared

with the case A. Under the shifts of 0_ — e™770_ 0, — €770, the expression (B.16)
becomes

Lop = i(g+80(9+ —+ indyn — (ﬁ819+ —n0104) — T (i + 6+9+)
+i0~ 000 + in*dons + P10 — n3010— + T (n*ns +070-)
+im(672i7—7’7739+ +€2iTT7’]30+ _i_e?iTTafﬁ_i_ef%TTH_n). (317)

The winding-number dependent terms have a large time-dependent phase in the large limit
of the total angular momentum so that they oscillate and average to zero as in [Rd, Rg].
Therefore in the large 7 limit the m-dependent terms can be ignored. The resulting
Lagrangian shows a simple separated expression in the same way as (B.19) of the case A.

Now for the case A we further set n_ and 63 to zero in (B.12) and (B.11])) in order to
obtain a fermionic Lagrangian with only two complex fermions 74,6

Lr= 1'77+30n+ + 19809 + n+31(§ — 77+81(9 — T(é@ + 77+77+). (3.18)

Introducing a two-component complex (Dirac) spinor 1) by combining the two complex

(1) _(m 0
N R

we rewrite the fermionic Lagrangian (B.1§) as

Lr = i(] 001 + Yhdota) + Pid1e — Yhdipr — T(Piepr — Piapa). (3.20)

Further it takes a Lorentz-invariant expression for a Dirac fermion with mass 7 on the flat

fermions as

two-dimensional world-sheet
Li = i O + T (3.21)
with p° = —03, p! = io! and ¢ = Tp’. This relativistic Lagrangian for the SU(1|2) sector
is compared with the non-relativistic quadratic fluctuation Lagrangian of one complex
fermion for the SU(1|1) sector produced by integrating an extra fermion in ref. [Bg].
In the fermionic action Sp = ‘2/—75 f drdoLp the overall factor v\ can be removed by

the rescalings of
Yo =1 (@=12). (3.22)
Moreover, the global AdS5 time specified by t = 77 in the large 7 limit yields

Sp = /dt/ Z—Z [i(ﬂao?/h + YhAe) + \/X(T/)Iaﬂh — Yhonn) — (Wl — ZZ);%)] ,
(3.23)



where A = 1 /T? = )\/J? is the effective BMN coupling constant. To create string states
dual to the gauge theory operators in the SU(1|2) sector we need to choose a proper
representation of the anti-commutation relations for fermions. The fermions are expanded
in the Fourier modes

[e.9] [e.9]

o = Z eim%,n, 1/)&: Z e_malblhn (3.24)

n=—oo n=—oo

by using the following creation and annihilation operators

wln = fn n a; TIZ)Tn _ fn —0n (1741_
96 (-5 e

where the functions f,,, g, are defined by

1 AP 1
+— g = Vin 1T (3.26)

1
fn = s = o
2w, 14w, V2 2w,

1
2
with w, = V14 An2. The rotation matrices in (B:25) also take SU(2) forms. The substi-
tution of (B.24)) into the action (B.23) yields

Sp = /dt Z [i(a)} Boa,, + bob,,) — wn(ata, + b)), (3.27)

n=—oo

which shows that (a=,a™) and (b~,b") are pairs of canonically conjugate fermionic oper-
ators and wy, is the energy of a plane-wave state. The long SYM operators in the SU(1|2)
sector are dual to states obtained by acting operators a;rl on the vacuum and switching
off the b oscillators. Thus in the case of the non-point-like circular string background
specified by the non-zero winding numbers we have produced the BMN-type plane-wave
Hamiltonian for the SU(1|2) sector, as a collection of free massive fermionic oscillators.
The Lagrangian (B.27) shows the similar oscillator expression to the quadratic plane-wave
Lagrangian for the SU(1|1) sector in ref. [if], where the superstring Hamiltonian with the
near-plane wave correction is constructed by using the uniform gauge and parametrizing
the supercoset element in the different way from the one used in [Bg].

For the case B switching off _ and 53 for (B.17) and (B.14) we have a reduced La-
grangian

Lr =1i07000, + i50on — (70107 —n010,) — T (qn +076.,). (3.28)

In terms of the two complex fermions 1, 9o defined by

_ [t 0 n
R A

the Lagrangian is expressed as

Lp = i(] 001 + Phon) — Yid1bs + Piorr — T (i — diun). (3.30)



If we rename the world-sheet coordinate 0 as ¢ — —o the Lagrangian again takes the
same relativistic expression for the Dirac fermion v as (B.21]). The fermions Q,Z)a,i/)l[ are
expanded in the Fourier modes in the same way as (8.24) and (B.2H), where f,, and g, are
now given by

T 1 —iv/An [ s

2wp, 2wn

which are obtained from (B.26) by n — —n. The substitution of this mode expansion into
the action for (B.30) leads to the same plane-wave action as (B.27).

4. Fermionic fluctuations over a circular string with two unqual spins

Let us consider a circular string background with two unequal spins Jp, Jo and winding

numbers mq,ma [f]]
2
X; = q;e"iTtimio w? =m? + 12 E a? =1, (4.1)

whose classical energy £ and 7; = wia? (i = 1,2) are characterized by

2 2
&? :2Zwi’fi—uz, Zmi’fi:(). (4.2)
i=1 i=1

For the case A we substitute the bosonic background solution (f.I]) into the fermionic

Lagrangian (R.4) and (B-5) with x/v/2 =1 to have

2
Lop =iy n'Oomi + 6903 + 1000
i=1
+(are 1 n? — age 01010 — (a1 0o — aze™11)0103
+(ase Pipl 4 gget? n*)010 (aleﬂ"slm + a267i52772)(919
+wiai —waa3)(mn' —nan?)
+arag(wr + wa) (e TR 4 et
Lyp = —4mn'nan?, (4.3)
where §; = w;7 + m;o (i =1,2).
Performing the following SU(2)-type rotation of fermionic variables suggested from the

terms including the o-derivative in ([.3)

<77—> _ ( Gerle —a1€Z§;> (Wl) 7 (4.4)
I aje ase 2
we rewrite the Lagrangian ([.3) as
Lop = i gy + in~ dn— + 630905 + 1000
—1)" 010 +1-8105 — 1" 010 — 10160 + 2(wra] + waa3) (T —n-n")

002y ™ 4 e 1Ol gty

Lap = —4nTnen n-. (4.5)

+2ajaz(w; —we)(e



Under the redefinition the coupling terms have a phase and the mass terms are arranged to
have a suitable mass parameter wla% + wga% =T+ 715 = 7. The large angular momentum

expansion for (1)) gives 12 = 72 — Z?Zl m?T; /T + - -+ and

(m? —m3)Tp

272 ’

(
w1 + wa 572 (4.6)
For the large total angular momentum 7 that means large w; (i = 1,2), the coupling terms
with the time-dependent phase can be ignored since they average to zero. Then we have a

simple diagonalized expression

Lop = it Aoy + 10060 + 0010 — 1010 — 2T ny
+in~ Ogn— + 1'1938003 — 7778103 +n_0103+2Tn n_, (4.7)

which is compared with (B.10). Here making the rescalings of fermions n; — e Ty n_ —
eiTTn_, we observe that £4p is not changed and Lo is transformed into the same expression

as (B.1(). The rescalings combine with the 7- and o-dependent rotation (.4) into an SU(2)-

type rotation
n_ _ a2e—iTT+i52 _ale—iTT+i51 m 13
- 1T T—101 1T T—102 ’ ( . )
n+ ae aze 2

which reduces to the previous o-dependent rotation (B.9) for the equal spin case w; =
wy =7T,m1 = —mg = —M,a; = ag = 1/\/§ Therefore the compensating redefinitions
of 0 — 776,05 — e "T703 for the transformed Lop yield the same symmetric separated
expression as (B.12). Thus for the case A reduced with n- = 63 = 0 in the circular
string background with two unequal spins the quantum plane-wave spectrum (B.27) can
be reproduced again through the suitable renaming of the fermions. The fermionic string
configuration with the a oscillator only is considered to correpond to the long SYM operator
which consists of the large and different number of two complex scalar fields and a few
fermions in the SU(1|2) sector.

Now we turn our attention to the case B. The substitution of circular string solu-
tion (1) into the fermionic Lagrangian (R.4) and (R.5) with x/v/2 = 1 gives again (B.14)

for L4r and an involved expression for Lop which suggests the following particular choice

of field redefinitions
b 101
0 _ e el 01 , (4.9)
04 aje 1 goe 02 02

which has the same transformation matrix as (f.4) amd resembles (B.I§). The inversion
of (.9) leads to the quadratic Lagrangian

Lop = 070004 + idon — (10107 —nd0+) — T (i + 0704) + ima (767 + 1)
+i070pf_ + in30gns + 930107 — 13010 + T (1°n3 +6070_) + img (30~ 4+ n36_)
—aras(wy — w)(e 7O FR)gTY 4 (U01H02)g—g )
+iayag(my —mg)[e" ) (90 —ngb1) + e (o — 1P0))]

—ajag(wy — wo) (e 1O1TO) 3 4 (i01H02) 7 (4.10)

,10,



with m, = mla% + mga% which is compared with 7 = wla% + wga%. It is confirmed that
this expression indeed reduces to (B.17) for the equal spin case. In this case the SU(2)-type
rotation (f.9) can be expressed as

0 e*l’TT 1 eimo _efimo 91
) = — ) ) 4.11
<9+61T7— ) \/5 ( elimo  ,—imo > ( 02 > ’ ( )

which is just the product of the previous o-dependent rotation (B.15) and the succeeding
shifts of 6 — e 770_, 0, — €770,. The quartic Lagrangian L4 remains the same
expression as (B.14). Taking the fast-string limit of the quadratic Lagrangian Lop (£.1()
we see that the involved coupling terms with the exponential phase factors e=(%192) ayerage
to zero. In the resulting Lop the fermionic system (6,,7) is separated from the fermionic
one (0_,n3), and each system has the non-zero winding-number dependent terms with a
coefficient m,, which vanish for the equal spin case.

Here putting §_ = n3 = 0 for the reduction which keeps only two complex fermions
0.,n, we have

Lr =000, + i70on — (70107 —n0104) — T (n + 070, +ima (70T +nby).  (4.12)
Through the renaming of fermionic fields in the same way as (8.29) £ becomes

Lr = i(¢1607/)1 + @501#2) - ¢J1r(81 +img)tpo + 7/15(31 + img)iPr — TWIT/& - TZJ;%), (4.13)

which is expressed through the renaming of 0 — —o as
Lp = ipp' 1 + T +mathp', (4.14)

where + corresponds to the one choice ¢ = (9;; ) and — to the other choice ¢ = (971), and
the bosonic background dependence is specified by 7 and m,. We substitute the mode

expansion of 1, 1, (B:24) with (B.27) into the fermionic action for (f.13). If the following

parametrization is chosen

T 1 —ivVA(ntmg) [T 1 \/ .
fn >t 2 gn . \/2+2wn, wn, + AMn £mq)?,

(4.15)
the same plane-wave action as (B.27) is derived. For the two unequal spin case we have

observed that there seems a difference for the energy spectrum w, of each mode between
the reduced A system (n;,0) and the reduced B system (64,7n). The w, for the reduced
B system is specified with the mode number n shifted by the winding-number dependent
factor m,. However, using (@) we estimate myg in the A = 1 /T? expansion as

~ mTy . moTy  miTi+moTy 1 (my+mo)(mi —ma)?TiTs n

Ma == oy T T 272

. (4.16)

whose first leading term is zero through ([£3). To the leading order in A, that is, in the
plane-wave limit both the reduced A system and the reduced B system show the same
energy spectrum as Fock-space states for the fermionic fluctuation around the circular
string background with two unequal spins.
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For the “SU(2|2)” string theory sector we make a system by combining two cases A
and B, that is, putting X3 = 0 only in the fermionic Lagrangian Lop (R.4)) and L4r (R.9),
and take the large total angular momentum limit for the sum of the quadratic fermionic
Lagrangians ({.7) and (J.10). The quartic Lagrangian becomes L4r = 57 n.7jn when the
reduction specified by both n_ = 63 = 0 and 53 = #_ = 0 is taken. However, owing to
the rescalings of fermionic fields by 1/A'/4 such as (B:23) the quartic action becomes of the
order 1/+/X. In the leading large v/\ approximation near the classical bosonic solution with
two spins we need to know only the quadratic part. The reduced quadratic action is shown
to give the plane-wave spectra for the two fermions in the SU(2|2) sector by switching off

the two relevant b oscillators.

5. Conclusion

From the SU(3) x U(1) invariant superstring action in AdSs x S® which is produced by
choosing the conformal gauge for the x-symmetry gauge fixed superstring action, we have
constructed the truncated action for the SU(1|2) sector which describes the fermionic fluc-
tuations over a circular string background with two angular momenta and two winding
numbers.

The suitable SU(2)-type 7- and o-dependent rotation of fermionic fields and the first-
string limit simplify the starting superstring action such that the involved coupling terms
can be ignored and there remain two separated massive fermion systems. The mass terms
have been characterized by the total angular momentum that arises from an adequate
combination of the coupling terms between the fermionic fluctuations and the bosonic
background fields. We have observed that the appropriate renamings of fermionic fields lead
to a Lorentz-invariant action for a massive 2d Dirac fermion and its plane-wave spectrum
for the SU(1]2) sector. The BMN-type spectrum has been derived even for the non-point-
like string background with the non-zero winding numbers. For the truncated systems A
and B for the two unequal spin case there appears a difference in the plane-wave spectra,
but the difference specified by the winding numbers can be neglected to the leading order in
. Combining the two truncated systems we have also constructed the leading plane-wave
action for the SU(2|2) sector.

In the second and third references of [§] starting from the quadratic part of the covari-
ant r-symmetric superstring action [B7, all the fermionic fluctuations over the multi-spin
circular string solutions with three spins (J;1 = Jo = J',J3 = J) and two equal spins
(J',J = 0) have been computed, while we have started from the full expression of the
light-cone k-symmetry gauge fixed superstring action [BJ] and extracted the spectrum of
the truncated fermionic fluctuations in the SU(1|2) sector.

Recently in [[[4] in the uniform light-cone gauge the bosonic and fermionic quantum
fluctuation spectra have been constructed in the near plane-wave limit for the SU(1|2)
and SU(2|3) sectors, whose string configuration with one large angular momentum and no
winding numbers is dual to the long SYM operator with a few bosonic impurity W fields and
a few fermionic fields in a large number of bosonic Z fields, while our string configuration
with two large angular momenta and two winding numbers for the SU(1|2) and SU(2|2)
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sectors is dual to the long SYM operator with a large number of bosonic impurity W fields

and a few fermionic fields in a large number of bosonic Z fields. In spite of such differences

for the bosonic backgrounds and the gauge choices, both fermionic leading spectra show

the same BMN-type behavior in the limit of the large angular momenta.
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